Aligned superhydrophobic surfaces with the same texture orientation reduce drag in the channel and generate secondary flows transverse to the direction of the applied pressure gradient. Here we show that a transverse shear, superimposed with the conventional Poiseuille and slip-driven plug flows, can be easily generated by using superhydrophobic channels with misaligned textured surfaces. We propose a general theoretical approach to quantify this transverse flow by introducing the concept of an effective shear tensor. To illustrate its use, we present approximate theoretical solutions and Dissipative Particle Dynamics simulations for striped superhydrophobic channels. Our results demonstrate that the transverse shear leads to complex flow patterns on the length scale of the texture period, which leads to a new mechanism of a passive mixing at low Reynolds number. This vertical mixing occurs at the texture period scale and does not require the contribution of side walls. Our results provide a basis for design and analysis of mixing properties of superhydrophobic channels with arbitrary oriented textures.
I. INTRODUCTION
Superhydrophobic (SH) textures have raised a considerable interest and motivated numerous studies during the past decade [1, 2] . Such surfaces in the Cassie state, i.e., where the texture is filled with gas, are extremely important in the context of fluid dynamics due to their superlubricating potential [3] [4] [5] . The use of highly anisotropic SH textures provides additional possibilities for flow manipulation. The effective hydrodynamic slip of such surfaces, b eff , is generally tensorial [6] [7] [8] [9] due to secondary flows transverse to the direction of the applied pressure gradient [10, 11] . This can be used to separate particles [12] and enhance mixing rate [13] in typical for microfluidic devices low-Reynolds-numbers flows. Over the last decade, the quantitative understanding of liquid flow in anisotropic SH channels was significantly expanded. However, many fundamental issues still remains challenging.
According to the modern concept of effective slip, b eff is a global characteristic of a channel [5] , which can be applied for arbitrary channel thickness [9] . This implies that the eigenvalues depend not only on the parameters of the heterogeneous surfaces (such as local slip lengths, fractions of phases, and the texture period L), but also on the channel thickness H. However, for a thick (compared to L) channel they become a characteristics of a heterogeneous interface solely [3, 7, 14] .
Most of the prior work has focused on the optimization of the (forward) effective slip and calculations of the eigenvalues of the effective slip-length tensor for a single 1D interface [15] [16] [17] [18] [19] and channels with aligned walls [8, 20] or one hydrophilic (no-slip) wall [8, 9] . The eigenvalues of b eff correspond to the directions of fastest and lowest effective slip. In these directions, a pressure gradient does not produce transverse flows. In other directions, however, a flow may become misaligned with the force, and transverse hydrodynamic flow can be generated. This was discussed for a single interface [5, 7] , for channels with symmetrically aligned stripes [10, 20] or with one no-slip wall [10, 21] .
In the present paper, we address a different phenomenon, which has not been appreciated in previous work [7] : The possibility to generate shear flow with anisotropic SH textures. We consider channels with identical, but misaligned textured and anisotropic walls and show that any misalignment necessarily leads to a generation of shear flow in the transverse direction. This is derived with general theoretical arguments and confirmed by Dissipative Particle Dynamics (DPD) simulations. The transverse shear, in turn, generates complex flow structures at the scale of the texture period. Simulation results show that, at finite Reynolds numbers of the flow, these small-scale structures lead to global mixing of fluids from the lower and the upper parts of the channel. This mechanism of mixing does not rely on the presence of confining side walls, therefore its efficiency does not depend on the aspect ratio of the channel.
II. THEORY
We consider the pressure-driven Stokes flow between two parallel stationary (passive) SH walls separated by the distance H and decorated with identical anisotropic textures of a period L, and assume the interface to be flat with no meniscus curvature (see Fig. 1(a) ). Such an idealized situation, which neglects an additional mechanism for a dissipation due to a meniscus, has been considered in most previous publications [11, 18, 22] and observed in recent experiments [23] . We then impose noslip at the solid area, i.e. neglect slippage of liquid [24] [25] [26] and gas [27] past hydrophobic surface, which is justified provided the nanometric slip is small compared to parameters of the texture. Prior work often assumed idealized shear-free boundary conditions over the gas sectors [22, 28, 29] , so that the viscous dissipation in the underlying gas phase has been neglected. Here we will use the partial slip boundary conditions, which are the consequences of the 'gas cushion model' [30] . The lower and the upper wall textures are misaligned by an angle 2α. The flow is periodic with a rectangular unit cell as depicted in Fig. 1(b) . We place the origin of the (x, y, z) coordinate system at the center of the cell, in the midplane, with the z axis perpendicular to the walls.
To address effective ('macroscopic') properties of the channel we evaluate the mean velocity profile, averaged over the periodic cell in x, y. Due to the linearity of the Stokes equations, it is sufficient to consider only the flow in eigendirections of the texture. Let us first consider a flow under a pressure gradient, ∇P , aligned with the x axis (θ = 0). The flow in the transverse direction can be then obtained by replacing α by π/2 − α. The symmetry of the problem implies that the x-component of the average velocity is symmetric in z and its y-compoment is skew-symmetric. For the Stokes flow the mean velocity profile is scaled by U 0 = −H 2 ∇P/ (2µ) and has the following form:
Here the coordinates are scaled by H, the first term corresponds to an undisturbed Poiseuille flow, the second term is a plug flow in the direction parallel to the pressure gradient, and the last term represents a linear shear flow in the transverse direction. Thus, the laminar flow in the channel in response to an applied pressure gradient is a linear superposition of these three terms as illustrated in Fig. 2 . Eq. (1) can therefore be seen as a generalization of an earlier idea, formulated for a thick channel [7] , to an arbitrary channel situation.
To quantify the effective properties of the channel, we now introduce the flow and shear rates averaged over the cell volume V :
where u τ = (u x , u y ) is the tangential velocity. The dimensionless permeability k and shear γ tensors can then be found by solving a local problem in the channel. Let us note that Eq. (1) and the symmetry conditions imply that the tensors k and γ are:
where k xx = 1 + 6u sx and
Thus, our choice of coordinate system diagonalizes the permeability tensor. Also, due to the symmetry of the periodic cell,
To calculate u sx (α) and γ yx (α) we have to solve the Stokes equations on the periodic cell with spatially varying local slip lengths modelling the SH textures. We assume that the gap of the channel is large enough, so that the perturbation of the flow due to texture of one wall is small at the opposite wall. In this case, the hydrodynamic interaction between the two walls is mainly mediated by the mean flow, and the periodic perturbation can be considered as a sum of two solutions for a configuration with one SH and one hydrophilic wall. This simplification allows us to obtain explicit formulae for the average slip and the shear tensor (the details of the calculation are given in the Appendix A):
where
The effective slip tensor b eff here corresponds to a configuration with one SH wall.
The misalignment of the top and the bottom textures leads to a 'macroscopic' anisotropy of the flow: The channel permeability depends on the direction of the pressure gradient, and a secondary flow in transverse direction is generated. To study this effect, we consider flow under a pressure gradient ∇P imposed at an angle −θ to the x-axis (the driving force of the flow is in the opposite direction).
For the fluxes in the direction opposite to the pressure gradient and in the transverse direction we obtain, using the tensorial formalism [7] :
corresponds to the Poiseuille flow through a channel with hydrophilic walls. Similarly, for the mean shear rates we get
is a characteristic shear rate for a hydrophilic channel. From Eq. (9), it follows that the transverse shear rate G T becomes zero for two angles θ = ±(arctan(γ xy /γ yx )) 1/2 . However, this does not imply that the shear tensor can be diagonalized by a proper rotation of the coordinate system, since the two directions are not orthogonal in the general case.
To illustrate this general approach we focus below on specific case of 1D SH surfaces consisting of periodic stripes, where the piecewise constant local slip lengths of (identical) textured walls vary in only one direction.
III. SIMULATION METHOD
We apply the Dissipative Particle Dynamics (DPD) method [31, 32] to simulate the flow inside a channel with striped SH walls. DPD is an established coarsegrained, momentum-conserving, mesoscopic method for fluid simulation. Since it is also a particle-based method, thermal fluctuations are naturally included. More specifically, we use DPD as a thermostat without conservative interactions [33] , and combine that with a tunableslip method [34] that allows one to vary the local slip length [16, 20, 35] . In the following, physical quantities will be reported in a model unit system of σ (length), m (mass), and ε = k B T (energy).
For misaligned striped surfaces, it is important to note that the simulation box depends on the misalignment angle 2α due to the periodic boundary conditions in the directions parallel to the patterned surfaces (x and y in Fig. 1) . The three dimensions of the simulation box are (L/ sin α, L/ cos α, H + 2σ), where the extra 2σ in zdirection accounts for the depletion due to the excluded volume interaction of the impermeable surfaces. In the present study, we have used a stripe spacing L = 20 σ and channel widths H = L and H = L/2. With a fluid density ρ = 3.75 σ −3 , a typical system consists of 0.6-1.2 × 10 5 particles. The simulation starts with randomly distributed particles. The pressure-driven flow is modeled by applying an external force to all particles. The system is allowed to reach a steady state after 10 6 time steps; then the measurement is performed by averaging over 10
5 time steps to obtain sufficient statistics. We use a small body force (0.001ε/σ for H = L and 0.004ε/σ for H = L/2) to ensure that the flow velocity is smaller than 0.5 ε/m. The typical Reynolds number is Re ≈ 2.8.
The simulations were carried out using the open source simulation package ESPResSo [36] . All simulations were performed with a time step ∆t = 0.01 m/εσ, and the temperature of the system was set at k B T = 1ε. The DPD interaction parameter is chosen at γ DPD = 5.0 √ mε/σ and the cutoff is 1.0 σ. The shear viscosity is measured to be µ s = 1.35 ± 0.01 √ mε/σ 2 .
IV. RESULTS AND DISCUSSION
In order to assess the validity of the above theoretical approach we run a set of simulations in channels with different misalignment angles α and two gaps H/L = 1 and H/L = 0.5. All simulations have been performed for textures with the fraction of gas phase φ = δ/L = 1/2 and a local slip length b/L = 10. By averaging the simulation data over the periodic cell, we calculate the mean fluxes and shear rates for different directions of the pressure gradient θ and several misalignment angles α. The simulation results are shown in Fig. 3 . Also included are the fluxes and shear rates calculated using Eqs. (8) (9) . In this case the tensors k and γ have been found using the numerical solutions of the Stokes equations [21] (see Appendix A for details). A general conclusion is that the theoretical predictions are in excellent agreement with simulation results for H = L (Fig. 3(a,b) ). Even for thinner channels, H = L/2 (Fig. 3(c,d) ), where the theory slightly underestimates the permeability and overestimates the transverse shear, the agreement is quite good. This is probably due to the fact that the interactions between pattern-induced flow perturbations on opposing walls have been neglected, as explained in Section II. These interactions become more important as (8) and (9)), and symbols are the simulation results for misalignment angles 2α = π/6 (circles), π/3 (triangles), and π/2 (squares).
H decreases. The flow rates Q L become maximal and minimal for pressure gradients pointing along the x and y axis, respectively. These directions are also those of largest transverse shear G T . When the stripes on the lower and the upper walls are orthogonal (α = π/4) we have k xx = k yy , and Q L does not depend on the direction of pressure gradient, while Q T = 0. However, this does not imply that no transverse flow is generated in this configuration. Indeed, the transverse shear rate G T is actually maximal in this case. The texture misalignment leads to a complex flow on the scale of the period of the texture. To analyze the flow structure we consider in detail the case α = π/4, θ = 0 for H = L/2. In this case the transverse flux is zero, but the transverse shear is maximal. Fig. 4 shows a projection of local velocity field onto the yz−plane at three sections of the periodic cell, x = 0, x = L x /8 and x = L x /4, calculated from the simulation data. Guided by the texture, the fluid is driven to the right (in the direction of positive y) in the upper part of the channel and to the left in the lower part. The velocity field has a significant vertical component which enables fluid particles to move between the upper and the lower parts of the channel. We also observe two saddle points with strain-like flows around each of them. In 2D flows such structures are potentially good for stirring, because close fluid trajectories diverge in the vicinity of saddle points. Note however that in a 3D flow global behavior of fluid trajectories can not be predicted from local snapshots of the velocity field.
To understand the global properties of this flow, we calculate the flow streamlines by releasing fluid particles at x = 0 and tracking their positions down to the end of the periodic cell, x = L x . Some of these streamlines are depicted in Fig. 5 . Even though fluid particles follow the periodic velocity field, they reach different positions on the yz-plane after crossing one unit cell, see Fig. 5(c) . Two general features are observed. First, the fluid particles are displaced in the y direction. This reflects the non-zero average shear in the system. Second, one also observes a small (but non-zero) vertical displacement. This vertical displacement is crucial for the mixing properties of the channel. Every point at the beginning of the period r 0 = (0, y 0 , z 0 ) is mapped to some point at the end of the period r 1 = (L x , y 1 , z 1 ). Since the flow is periodic, the positions of fluid particles over many periods can be predicted by applying this mapping repeatedly. The displacement of a fluid particle is defined only by its initial position and can be defined as a vector field: ∆r y,z k = J y,z (y k , z k ). It is this displacement field (rather than the local velocity field), that characterizes the flow and its potential mixing properties. Figure 6 (a) shows the displacement field computed for the theoretical velocity field at Re ≪ 1 (u is obtained by the numerical solution of the Stokes equations, see Appendix A). The vertical displacement is small in this case. The field J y,z (y, z) for simulated streamlines at Re = 2.8 is plotted in Fig. 6(b) . The vector field at finite fluid inertia has a structure of two co-rotating vortices combined with a uniform shear. Such a flow can stir the fluid between the upper and the lower part in the central zone of the channel, while in near-wall zones the fluid is transported in the transverse direction. In this particular case the rotational component is relatively small, but we expect it to grow, with increasing Reynolds number in the channel. We recall that our calculations were done for channels infinitely extended in the y direction. In the presence of confining side walls, the shear flow will of course additionally induce vertical recirculation currents along these walls. However, far from the walls the flow will remain the same since no pressure gradient is generated in transverse direction.
V. CONCLUSION
In this paper we have extended the tensorial description of SH channels developed earlier to configurations with misaligned textures on bottom and top walls. The effective properties of such channels are described by two tensors: the permeability tensor k and the shear rate tensor γ. These tensors have been calculated using two complimentary approaches: The simplified analytical model, in which periodic perturbations of the velocity field due to opposing textured walls are assumed to be independent, and DPD simulations. The theoretical approach has provided good accuracy for channel thickness down to a half of the texture period.
Simulations have shown that at finite Reynolds number the flow generated by this transverse shear can mix the fluids in upper and lower parts of the channel. This effect is expected to become stronger for increasing Reynolds number. The analysis of the different regimes will be a subject of a separate study. Unlike most classical mixers with one patterned wall [4, 37] , where the roll structures are created by the side walls of the channel, in our misaligned configuration the mixing occurs on the scale of the texture period. This provides a basis for a new mixing mechanism which does not depend on the presence of confining side walls and is therefore insensitive to the cross-sectional aspect ratio of the channel.
Finally, we mention that our results can be immediately extended to a situation of a channel with a periodically changing orientation of top and bottom stripes, which could lead to a chaotic advection [38] [39] [40] , currently exploited mostly in the 'herringbone'-type mixers [37] .
Here u 1 , u 2 are perturbations with zero mean over the cell volume generated by the non-homogeneous slippage on the bottom and top walls, respectively. Because of the linearity of the problem the boundary conditions for u 1 , u 2 at the bottom wall can be set as
+b 1 e x + γ yx e y + ∂u τ 2 ∂z ,
and at the top wall as
where b 1,2 (x, y) are the local slip lengths on the lower and the upper wall, respectively. The perturbations decay at a distance from the wall of the order L. For this reason we can expect, for a sufficiently thick channel, that the disturbance gradients at the opposite walls are small:
In other words, we take into account the interaction of SH walls mediated by the mean flow, but we neglect the contribution of the inhomogeneous part of the flow which decays with the distance from the wall. Then the solution is the superposition of two flows in a channel with a SH and a no-slip walls. These 2D flows can be calculated using the numerical solutions of Stokes equations [21] . The validity of the assumption, Eq.(A4), is verified by evaluating the disturbance gradients induced by a SH wall on a no-slip wall. The gradients are small compared to the wall gradient for the Poiseuille flow, |∂ u /∂z| = 2, at H/L > 0.5 (see Fig. 7 ).
Consider the flow induced by the undisturbed shear rate e x + γ yx e y at the bottom wall. Projections of the unit vectors to the (ξ, η) coordinate system with the axes parallel and perpendicular to the stripes (see Fig. 8 ) are e x = e ξ cos α − e η sin α, e y = e ξ sin α + e η cos α.
(A5) In view of Eqs. (A3) and (A5), the mean slip velocity and the shear rate at z = − 
∂u τ ∂z = (cos α + γ yx sin α) e ξ − (sin α − γ yx cos α) e η .
From (A6) we have
Here the components of the effective slip length tensor b eff correspond to the usual configuration with a SH and a no-slip walls. Thus we obtain from (A7), (A8):
u sx (α) = β + + β − cos(2α) + 2(β The flow in the transverse direction can be obtained by replacing x by y and α by π/2 − α. Therefore, we readily obtain the permeability tensor:
and the shear tensor:
